Instructions:

1. Show all work. You may receive partial credit for partially completed problems.

2. You may use calculators and a one-sided sheet of reference notes. | have also provided various

Name:

Detaled  Solutions

Math 29 — Probability

Second Midterm Exam

z-tables for your use. You may not use any other references or any texts.

3. You may not discuss the exam with anyone but me.

4. Suggestion: Read all questions before beginning and complete the ones you know best first.
Point values per problem are displayed below if that helps you allocate your time among
problems. Problems 1 and 2 are spread out over several pages so you have lots of space to

work.

5. You need to demonstrate that you can solve all integrals that do not have a (DO NOT SOLVE)
statement. |.E. Do the integrals by hand and write out some work showing how you solved the
integration, including if necessary integration by parts.

6. Good luck!

Problem 1 2 3 Total
Points Earned
Possible Points 15 25 10 50




1. You may have heard that there are relationships between music and math. In this problem, we
consider a very specific relationship between music and math. Suppose you are going to compose a

music piece and you decide to construct it using a Markov Chain Ta Csharp | Eflat
{you can actually build a music composition this way). For this A 3
example, you can only play three notes - A, C sharp, and E flat. 1 .o ’

The partial transition matrix is given at right {current state=row, |[Csharp | , 25 | .05 7
next state = column). E flat 7 3 o

a. Complete the transition matrix so that it is a valid transition

matrix for a Markov Chain. You will use the completed transition matrix for alt parts below.
row sums mustp |
b. Are there ﬁy absorbing sets apart from the entire set {A, C sharp, E flat}? if yes, state them. Is this

transition matrix reducible or irreducible?

Thare ore o absor bl&ﬁ Sets aloa;«} forn S,
Hene the matex is  ivreducble .

c. What is the probability A is the note that is played 2 notes from now assuming you just played E flat?
P(A in 2 noks | E Rlab corrent)
. 7 1 l N N 3 ¢ 2‘5 O 4 7
- Pea PAs * PecPea * Peik Pea

= .07 +.075 = , 1495

d. If you are equally likely to start with any note, what is the probability A is the third note played? (L.E.
you play an initial note, one more note, and then A} &~ (ONL \{ 3 noled 2 P[aw

You can use ¢ o kelP here ! J P(steA A
P(A s 5rdno,\¢, Plo\/ed) 2 :‘é— (a‘“ylsw Eb}*’ %{PlayA)slcri-AB
A
Q«m e! P(Stert Eb) + L (Play A | S** CE)
< P(sMC#)

‘—( HS) ' 3 [F’M PM b Pac Pff ¥ Pfa ]S:A
(Fh Pan > Pechon * e Fea) = & (s +.371,527
L/
= -?‘;(10'125)

Youw codd  solve by gilleng Hhe .. 3475
dial i+ Hhat wesy.



1. continued.

e: In the long-run (assuming an equilibrium distribution exists) what fraction of notes will be C sharps?

e +he Ffact +hat  one % bvolves a O/
; . A chEb B
= P =) [T't LLE! Trbj: [77' LLPY "5] Jd e 3
row
- 25 .05 N —-?E:Efl
EguadGn - S o 1
) | 7.3 0
1]-‘ = "Trl * ‘15 Trl + n7773 B
P .‘TT‘*-,OSTIz +.3TT5 use 3.’,\ | -
Ty = 3 -
Tt Tz + 915 = | : : ‘ -
3 ’ 'bq TT‘ - '7‘/TTZ
T, = 74

69
=],07246Y4 T,

= 'lTa = },02 173977'2 Pluaar,\obxd‘

Now watng 4, subin fr g7, “Try ta 3

all toms Z TI”?_

1= (3.094 205)71-;

T, = , 323185 The les HAat
2 fu.%;\ooy na
whil be C s s 32 322

No&e'- T4 d';dn v asde %—1 ‘he entie W% W
acH.
Vot He fraiton.,

'If%rm oudwxw)ww 73



2. Suppose X and Y are jointly distributed continuous random variables with joint pdf given by ,,7-+

f(x,y)=Ae ¥, for 0<x<y<om,and where 1>0.

a. Sketch and shade the region where the joint pdf takes positive
‘density on the graph paper at right.

b. Set up an integral or integrals (DO NOT SOLVE]) to find P(Y > 2X).

) o 2 Mg on

X

5& 4/e 2 13
o/ 0 16 cbxc{,g_

c. Find F(1,2). You will need to leave your answer in terms of ‘4 .

eithe +alus 2 mk_?r\p.b:‘.{ innea e X or 1€ nrun e g’
7 FlL2): P(X%1,¥€2) =f' e hy
A Sx A e J‘GGL"

\ _ 2
5 2™ Jo)@e‘“-aa"“)ow {06-1,‘_“6«21)1;

shape

Q
bo o "'ﬂ‘ohqx,(, 3‘7’%&1\(_

d. Find the marginal distribution of V.

Tvegate b o oAU oo of X e gt gy
{YM)’ J';lza-l}d/% = X 126'1311
0 0
= 1233'13 , 0 4‘3 < o0

o-‘h)-

Note: T diol NOT grawle the —> O >
bouncls , bu+ +his s what thy are.



2. continued.

e. Use the marginal distribution of Y to find the MGF of Y (i.e. solve as an expectation of a function of Y)
when A =1. L=

-2 o _
Fom o, &ly) = Aye 72 Jo0cygce o yed oeyes
0, 0w, 0, ow,

0 « this is a correct 5e
- Y -
() [ e N
S)‘\Mﬂm modibed Gamma Fn'!

’jow«gﬁ-%(‘ﬂocg 2 B,z
F{x)ﬁ'g /"/z)/,j{;>2= (-¢)" " - M, le)

Il TM W Shtok, el .SOMH‘\V‘J So yrn /\vw " R uA&_./
r

f. What is the distribution of Y when A =1 ? Justify your answer in one sentence.

Y"/ 6GMma(¢=z,ﬂ:’> blc ¥he Vh%lm e, I's a
(Gammaq M% and! ")\W ane wﬁ”‘-@ ,/

g. Give the general conditional distribution of X given Y for a general 4, and then use it to find

A bl
P(X>.5 | Y=2). 1 2 - ;l:, < %M‘?’iahm\,
(,XIY _ ZC)"TD : e - ;0 < w < Y He bourds

L
Y[n) ) \dﬁl;lg %
(YO\A Can Netice XIY s Uniterm on (O) 'j)>

9. W,

J

P(x751v=2) = [ ' 4 awe su)® - 1/2). %

t

Sidenole:  This W 42 02;@%1 o
"ﬂv. mw/\%x/mﬂ /K“"‘j w



3. The number of particles emitted by a radioactive source is well-modeled by a Poisson (4 in 1 hour)
distribution. X A Pd'.SSon [L’)

a. What is the probability at most one particle is discharged from the source in a given hour?
PX€1) = P(x=o)+ P(x=1)

o .Y L _y

= 4 e 9 -9 - -
)+ < 7‘5(3 72’
o' |}

.09/¢

b. Now suppose there are 5 independent radioactive sources. What is the probability exactly 2 of these

sources discharge at most one particle in a gwen hour"r' _
' Y 5m(5,.09lb>

Y = # Muﬁc @ meat |
pOr-2y= (2o (1089)% % 009

c. Now suppose there are 500 mdependent radloactwe sources. What is the approximate probability
that at most 55 of these sources discharge at most one particle durmg a given hour? You should make

yourapproxumatlon as accurate as you can.é use . . Cl"&(,lc "‘O ade |
Y ~ Bin(500, ,0316) Ml np = 458
Z lo.
S, Yis % N(qs,? 6.450172) n(l-p)= 45,2
55.5-Y5,¢
P < 5 ~ <
(Y£55) S p(yes55) = P(z £ )

P(2¢1.50) =, 933,

d. Give a formula for E(X?) when X is Normal(u, o) in terms of the parameters of the distribution.
vix)= 6% - E(*) - u? = E)=uylts’?
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